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Generalized Bargmann representations which are based on generalized coherent states are consid- 
ered. The growth of the corresponding analytic functions in the complex plane is studied. Results 
about the overcompleteness or undercompleteness of discrete sets of these generalized coherent states 
are given. Several examples are discussed in detail. 



I. INTRODUCTION 

The Bargmann representation [l| represents quantum states by analytic functions in the complex 
plane. This allows the powerful theory of analytic functions to be used in a quantum mechanical 
context. An example of a result which can be proved only by the use of the theory of analytic 
functions is related to the overcompleteness or undercom plet eness of discrete sets of coherent 
states, e.g. the von Neumann lattice of coherent states This is based on deep theorems 

relating the growth of analytic functions and the density of their zeros [l6l - [l8j . The study of the 
Bargmann representation determines the nature of admissible functions belonging to the Hilbcrt 
space. Furthermore the study of the paths of the zeros of the Bargma nn functions under time 
evolution has led to important physical insight for many systems [l9|-|27|. 

Many generalizations of coherent states [28-30] have been considered in the literature. In the 
present paper we consider the generalizations studied in [3l| - [37j which have led to many interesting 
sets of generalized coherent states. We use them to define generalized Bargmann representations, 
which represent the various quantum states by analytic functions in the complex plane. The 
requirement of convergence for the scalar product in these representations determines the maximum 
growth of the generalized Bargmann functions and defines the corresponding Bargmann spaces. 
Theorems that relate the growth of analytic functions in the complex plane to the density of their 
zeros lead to results about the overcompleteness or undercompleteness of discrete sets of these 
generalized coherent states. The general theory is applied to four examples: the standard coherent 
states and three examples of generalized coherent states. Therefore we study explicitly three novel 
types of generalized Bargmann representations. 

In section II we briefly review known results on the growth of analytic functions in the complex 
plane, and the relation to the density of their zeros. In section III we define generalized coherent 
states. In section IV we introduce generalized Bargmann functions and study their growth. We also 
show that a discrete set of these generalized coherent states is overcomplete [resp. undercomplete] 
if its density is greater [resp. smaller] than a critical density. In section V we discuss explicitly 
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four examples. We conclude in section VI with a discussion of our results. 



II. GROWTH OF ANALYTIC FUNCTIONS IN THE COMPLEX PLANE AND THE 

DENSITY OF THEIR ZEROS 

Analytic functions are characterized by their growth and the density of their zeros and we briefly 
summarize these concepts (l6l - [l8| . Let M(R) be the maximum modulus of an analytic function 
f(z) for \z\ = R. Its growth is described by the order r and the type s, which are defined as follows: 

In In M(i?) lnM(R) 

r = lim sup ; s — hm sup . ( 1 ) 

R^oo * lni? ' R^oo v R? w 

These definitions imply that M{R) ~ exp(si? r ) as R goes to infinity (here the ~ indicates that 
M(R) is log- asymptotic to exp(si? r )). 

Definition II. 1. 

(1) *8(r, s) is the set of analytic functions in the complex plane with order smaller than r, and 
also functions with order r and type smaller or equal to s. 

(2) Q5x(r, s) is the set of analytic functions in the complex plane with order smaller than r, and 
also functions with order r and type smaller than s. 

2$(r, s) — *Bi(r, s) is the set of analytic functions with order r and type s. 

We next consider the sequence (i, ...,C/v, ■•■ where < < |^| < and the limit is infinite 
(as N goes to infinity). We denote by n(R) the number of terms of this sequence within the circle 
\z\ < R. The density of this sequence is described by the numbers 

lnn(R) - n(R) . n(R) 

t = hm sup ; o = hm sup — — o = hm mi — — ■ (2 

R-+oo InR R^oo i?* - R^oo R* K ' 

In the cases considered in this paper the \m\R^,oo n R ^ exists and therefore 5=5. Below we will 
use the simpler notation 5 = 5 = 5. These definitions imply that asymptotically n(R) ~ 5R l as R 
goes to infinity. 

Definition II. 2. We say that the density (t, 5) of a sequence is smaller than (t±,5±) and we denote 
this by (t,5) -< (t±, 5±) if t < t\ and also if t = t\ and 5 <5\ (lexicographic order). 

Remark II. 3. The density depends only on the absolute values of £„, i.e. the sequences £xi •••) CiVj ••• 
and Ci exp(i^i), Cat exp(i^Ar), where On are arbitrary real numbers, have the same density. 
Also if we add or subtract a finite number of complex numbers in a sequence, its density remains 
the same. 



An example of a sequence which has density (t, 5) is 



Cat = exp 













+ i9 N 







(3) 
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where On are arbitrary real numbers. 

The relationship between the growth of an analytic function in the complex plane and the density 
of its zeros is described through the following inequalities [ill - till : 



t < r; sr>5. (4) 



III. GENERALIZED COHERENT STATES 

Let H be the Hilbert space corresponding to a Hamiltonian operator h and \n) its number 
eigenstates. Following [3lT[37|. we consider the generalized coherent states 

\^p)-\K{\A 2 )]- 1/2 Y.^\^ W) = £^y- (5) 

Here p(n) is a positive function of n with p(0) = 1. The scries in the normalization constant 
Af p (\z\ 2 ) converges within some disc \z\ < R < 00. In this paper we only consider cases 
where p(n) is increasing fast enough as a function of n, so that this series converges 
in the whole complex plane. 

The overlap of two generalized coherent states is 



(z'; P \z; p) = [MJ\z'\ 2 )r 1/2 [A/- p (|z| 2 )r 1/2 M A ^); MC, *) = f]^ 



pin) 

n=0 PV ; 



(G) 



Here /C P (C, z) is the reproducing kernel. Clearly tC p (z* , z) — N p {\z\ 2 ). 

The choice p{n) = nl is an example, and leads to the standard coherent states. For p(n) — nl the 
overlap (z'\ p\z; p) is everywhere different from zero. For other p(n) the ovelap might have zeros. 

The resolution of the identity in terms of the generalized coherent states is a weak operator 
equality given by 



i <?zW p (\z\')\z;p){z;p\ = l, (7) 
where W p (x) > is a function such that 



Jo 



ttW (t) 

dxx n W p (x) = p(n); W p (x) = (8) 



We stress that for arbitrary p(n) the W p (x) does not always exist. 

The property of temporal stability states that if we act with the evolution operator corresponding 
to a certain Hamiltonian h on the generalized coherent states, we get other coherent states. Our 
generalized coherent states have this property: 

exp(iTh)\z: p) — \z exp(iro;); p). (9) 

For a study of states having the above property, see[38j. 
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IV. GENERALIZED BARGMANN FUNCTIONS 



Let I/} be an arbitrary state in the Hilbert space H: 

oo oo 

|/> = E/»|n); El/«I 2 = L ( 10 ) 

n=0 n=0 

We represent this state by the following analytic function in the complex plane: 

F{z- P ) = EAT,(M a )]VV;p|/> = £ ^75. (ii) 

For p(n) = n! this is the standard Bargmann function. But other choices of p(n) lead to general- 
izations of the Bargmann function. 

If the resolution of the identity in Eq.([7|) exists, then it leads to the following expression for 
the scalar product of two states |/) and \g) represented by the functions F(z;p) and G(z;p), 
correspondingly: 

— W p (\z\*)[G(z;p)]*F(z;p) = Y,&U ( 12 ) 

It is known that a pointwise bound for F(z; p) is \F(z; p)\ 2 < K. p (z*, z)(F, F) [39j . 

As an example, we consider the generalized coherent state |C;p) which is represented by the 
generalized Bargmann function 

F coh (z;p) = [M p (\(\' 2 )]- 1 / 2 1C p ((,z). (13) 

Definition IV. 1. The Bargmann space B(W P ) consists of analytic functions in the complex plane 
F(z; p), such that (F, F) is finite, with the scalar product given by Eq. (fl"2|) . 



Let 6 be a set of quantum states in the space H . 6 is called a total set in H, if there exists no 
state \s) in H which is orthogonal to all states in &. 

& is called undercomplete in H, if there exists a state \s) in H which is orthogonal to all states 
in 6. 

A total set & in H is called overcomplete in H, if there exist at least one state \u) in S such 
that the 6 — {\u)} is also a total set. 

A total set 6 in H is called complete if every proper subset is not a total set. Below we will 
mainly use the terms overcomplete, complete and undercomplete. 

Proposition IV. 2. 

(1)1} 

^ p (|z| 2 )^exp[-2b(p)|z| a H (14) 
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as \z\ —> oo, then the set of functions in the generalized Bargmann space B(W P ) satisfies the 

58i[aO0,b(p)] cB(W p )c<B[a( P ),b(p)}. (15) 

Functions with order of growth a(p) and type b(p), might or might not belong to B(W P ). 

(2) Let {zn} be a sequence of complex numbers with density (t, S). The set of generalized coherent 
states \zn;p) is overcomplete [resp. undercomplete] when (t,S) >- [a(p),b(p)a(p)] [resp. t < 
a(p)]. 

Proof. 

(1) The integral in Eq. (fT"2| diverges for functions with order of growth greater than a(p), or for 
functions with order equal to a(p) and type greater than b(p). Therefore the functions in the 
generalized Bargmann space B(W p ), belong to the set 2}[a(p), b(p)}. 

Also if the functions have order less than a(p) or order equal to a(p) and type less than b(p), 
the integral in Eq. (lT2l) converges. Therefore functions in the set %$x[a(p), b(p)] belong to the 
generalized Bargmann space B(W P ). 

We next show with examples, that functions in Q3[a(p), b(p)] — Q5i[o(/9), b(p)} might or might 
not belong to B(W P ). We consider the special case W p (|z| 2 ) = exp(— 2A|z| 2 ), i.e., a(p) = 2 
and b(p) = A > 0. We also consider the functions 

F 1 (z;p) = cMXz p~ 1 ; F 2 (z;p) = z n exp(Xz 2 ). (16) 

They both have growth with order 2 and type A and belong to the space 58(2, A) — Si (2, A). 
The integral of Eq. (|T2l converges with the first function and diverges with the second func- 
tion. Therefore the first function belongs to B(W P ), and the second function does not belong 
to it. 

(2) It follows from Eq. (fTT|) that if F(C, p) = then the corresponding state |/) is orthogonal to 
the generalized coherent state \C,*\ p). 

We consider a set of generalized coherent states \zn',p) with density (t,S) >~ [a(p),b(p)a(p)]. 
If this is not a total set then there exists a function F(z; p) in the set < B[a( j o), b (/?)], which is 
equal to zero for all zjy. But this is not possible because it violates the relations in Eq.((3]). 
Therefore the set of states \zm',p) is a total set in the space H. The same result is also 
true if we subtract a finite number of terms from the sequence {zjv}. Therefore the set of 
generalized coherent states \zjq\p) is overcomplete. 

We next consider a set of generalized coherent states \zn',p) with density of the corresponding 
sequence t < a(p). In this case we can construct a state which is orthogonal to all \zn;p) 
dSEl. We use the Hadamard theorem [l6|-[l8[ and consider the analytic function 

F{z,p)=P(z)exp[Q q (z)], (17) 

where 



oo 

P(z) = z m H E(z N ,p), 



(18) 
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E(A N ,0) = l-—, (19) 

z N 



E(A N ,p) = (1- — )exp 

ZN 



z z z y 
zn 2z% "' pz p N 



(20) 



Here E(Ajy,p) are the Weierstrass factors, Q q (z) is a polynomial of degree q, and p is an 
integer. The maximum of (p, q) is called the genus of F(z,p) and does not exceed its order. 
m is a non- negative integer and it is the multiplicity of the zero at the origin. The zn are 
clearly zeros of the F(z,p) in Eq. pT)) . 

It remains to show that for some Q q (z) this function belongs to the generalized Bargmann 
space B(W p ). We take QJz) = and then the order of the growth of F(z, p) = P{z) is equal 
to t (theorem 7 in p. 16 in [O])- Therefore if t < a(p) this function is indeed in the generalized 
Bargmann space B(W P ), and the corresponding state is orthogonal to all generalized coherent 
states \zn',p). Consequently the set of these coherent states is undercomplcte. 

□ 

Remark IV. 3. In the 'boundary case' where the density of the sequence {z n } has t — a(p) and 
S < b(p)a(p), we can not state general results. We mention some known results for special cases. 

For example, when t = a(p) is non-integral, we consider the function F(z; p) — P(z), as we did 
above. This function has growth with order t and its type s satisfies s < CS where C is a constant 
that depends on the order t = a(p) (p. 32 in [Hj]). In this case for sequences {z n } with 5 < bC^ 1 the 
function F(z;p) — P(z) has growth less than (a(p), b(p)) and it belongs to the Bargmann space. 
Therefore a set of generalized coherent states \zn] p) with density of the corresponding sequence 
(i, 5) where t is non-integral, is undercomplete if 5 is smaller than a critical value. This result is 
not valid for integral £(p.32 in [lH). 

Another example, is the set of standard coherent states which on a von Neumann lattice with 
A = 7r is known to be overcomplete by one state 29] . If we subtract a finite number of coherent 
states we get an undercomplete set of standard coherent states which is described by the same 
density. This example shows two sequences with the same density (in the 'boundary case'), with 
corresponding coherent states forming an overcomplete and an undercomplete set. 



V. EXAMPLES 



A. po{n) — n\ : standard coherent states 

For the standard coherent states po(n) = n\ we have 

A/- po (|z| 2 )=exp(M 2 ); W Po (\z\ 2 ) = exp(-|z| 2 ). (21) 

Therefore a(p ) = 2 and b(p ) = 1/2. In this case <8i(2,l/2) C B(W P ) C 03(2,1/2). The set of 
coherent states \z n ; po) is overcomplete or undercomplete in the cases that the density (£, 5) of the 
sequence {z n } is (t, 5) >~ (2, 1) or t < 2, correspondingly. 
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An example is the rectangular von Neumann lattice znm = A(N + iM) where N, M are integers 
and A is the area of each cell. In this case n(R) = irR 2 j A and the density is described by t = 2 
and 6 = n/A. Our results show that the set of coherent states {\znm] Po)} is overcomplete for 
A < 7r. For this particular example, it is also known [29j that it is undercomplete for A > ir. 

We have explained in remark Hi. 31 that instead of the lattice Znm = A(N + iM) we can also 
use the complex numbers zjva/ = A(N + iM) exp(i6*jvA/ ) with arbitrary phases Onm- The angular 
distribution of the zeros is totally irrelevant. 

Another example is the sequence 



c 



N 



exp 



~1n(2N) + iQ N 



(22) 



where On are arbitrary real numbers. We have seen in Eq.Q that its density is (t, 1/2). Therefore 
the set of the corresponding coherent states is overcomplete for t > 2 and undercomplete for t < 2. 
Also the sequence 



c 



N 



exp 













+ i9 N 







where On are arbitrary real numbers, has density (2,6). 
coherent states is overcomplete for 6 > 1. 



(23) 



Therefore the set of the corresponding 



B. Pl (n) = (n!) 2 

We consider the case that pi(n) — (n\) 2 . It was proved in [37} that 
AA pi (|z| 2 ) = / (2|z|); W Pl (\z\ 2 ) = 2K (2\z\) 



(24) 



where I and K are modified Bessel functions of first and second kind, respectively. But as 

\z\ — > oo 



2K (2\z\ 



1/2 

•j^r ) exp(-2|z| 



(25) 



and therefore a(pi) = 1 and b(pi) = 1. In this case ®i(l, 1) C B(W P ) C 05(1, 1). 

The set of coherent states \zn',Pi) is overcomplete [resp, undercomplete] when the density (t, 6) 
of the sequence {z^} is (t, 6) >~ (1, 1) [resp. t < 1]. 

An example is the one-dimensional lattice zn — £N exp(i9iy), where N is an integer and On 
are arbitrary phases. In this case n(R) = 2R/i and the density is described by t = 1 and 6 — 2/1. 
Therefore the set of coherent states {|z/v; pi)} is overcomplete for I < 2. 
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C - P3W = 2r(n+3/2) 

We consider the case p2(ii) — 9r(n+3/2) ' wnere ^ denotes the Gamma function, and for which 

3 

AUM 2 ) = [MM)] 2 + 2\z\I (\z\)h{\z\); W P2 (\z\ 2 ) = [K (\z\)} 2 (26) 
But as \z\ — > oc 



[Ko(\z\)V ~ [^) exp(-2|z|) (27) 

Therefore a(p 2 ) = 1 and b(p 2 ) = 1. In this case 58i(l, 1) C B(W P ) C 05(1, 1). 

Therefore our conclusions about the overcompleteness or undercomplctcncss of the coherent 
states \zn', P2) are also valid for the coherent states here. In connection with this it is interesting 
to compare the growth of p(n) in these two cases, as n — >■ oo. We use the formula [io| 

T(z + a) , 
lim v ' exp(-alnz) = 1 (28) 

\z\ — > oo 1 (z) 



and from this we conclude that as n — > 



p 2 (n) tt 1 ^ n \ ttV2 / I 

- - exp — Inn . (29) 



pi(n) 2 T(n + 3/2) 2 V 2 

Therefore the p 2 (n) considered in this subsection grows more slowly with n than the p\ (n) consid- 
ered in the previous subsection. 



D. p 3 (n) = V(/3) 

We consider the case 



/03 (n)= r( ^ + ^ ) ; a,/3>0. (30) 

It was proved in [34| that 

, 2(g-c) 

AUM 2 ) = r(/3)£; Q ,M| 2 | 2 ); ^ P3 (M 2 ) = ^f(^ ex P ("H°) ( 31 ) 

where E a ^{y) are generalized Mittag-Leffler functions [34],[4lj]. Therefore a{pz) = or 1 and b(pa) = 
1. In this' case 58i(a _1 ,l) C S(W P ) C <B(ar\l). 
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The set of coherent states \zj\r; ps) is overcomplete or undercomplete in the cases that the density 
{t,6) of the sequence {zn} is (t,6) y (a , or ) or t < a -1 , correspondingly. For example , the 
sequence 



where On are arbitrary real numbers has density (s _1 , 1) and the set of corresponding coherent 
states is overcomplete [resp. undercomplete] when s < a or s = a > 1 [resp. s > a]. Also, the 
sequence 



where 9n are arbitrary real numbers has density (a ,6). Therefore the set of corresponding 
coherent states is overcomplete when 5 > a -1 . 



We have used the generalized coherent states studied in [3ll-l37j to define generalized Bargmann 
analytic representations in the complex plane. For these states the scalar product in Eq. (fl~2"j) 
converges and this determines the growth of the generalized Bargmann functions. From the growth 
we infer the maximum density of the zeros of these functions and this in turn determines the 
overcompleteness or undercompleteness of discrete sets of these generalized coherent states. In 
addition to the standard coherent states, we studied three examples in detail in subsections IV B[ 
IV CI and IV Dl Other examples in the same spirit can also be found. 

The work provides a deeper insight into the use of the theory of analytic functions in a quantum 
mechanical context. 

Acknowledgement: We thank the Agence Nationale de la Recherche (ANR) for support under 
the programme PHYSCOMB No ANR-08-BLAN-0243-2. 



[1] V. Bargmann, Commun. Pure Appl. Math. 14, 187 (1961) 

[2] V. Bargmann, P. Butera,L. Girardello and J.R. Klauder, Rep. Math. Phys.2, 211 (1971) 

[3] A.M. Perelomov, Theo. Math. Phys.6, 156 (1971) 

[4] H. Bacry, A. Grossmann and J. Zak, Phys. Rev. B12, 1118 (1975) 

[5] M. Boon and J. Zak, Phys. Rev. B18, 6744 (1978) 

[6] M. Boon, J. Zak, and J. Zuker, J. Math. Phys.24, 316, (1983) 

[7] A.J.E.M. Janssen, J. Math. Phys. 23, 720 (1982) 

[8] K. Seip, J. Reine Angew. Math. 429, 91 (1992) 

[9] Yu.I. Lyubarskii, Adv. Sov. Math. 11, 167 (1992) 
[10] K. Seip and R. Wallsten, J. Reine Angew. Math. 429,107(1992) 
[11] Yu.I. Lyubarskii and K. Seip, Arkiv Mat.32,157 (1994) 
[12] J. Ramanathan and T. Steiger, Appl. Comp. Harm. Anal.2, 148 (1995) 



Cn = exp [s\n(N)+i9 N ] 



(32) 




(33) 



VI. DISCUSSION 



10 



A. Vourdas, J. Phys. A30, 4867 (1997) 

A. Vourdas, J. Opt. B: Quantum Semiclass. Opt. 5, S413 (2003) 

A. Vourdas, J. Phys. A39, R65 (2006) 
R.P. Boas "Entire functions" (Academic, New York, 1954) 

B. Ja. Levin," Distribution of zeros of entire functions" (American Math. Soc, Rhode Island, 1964) 
B.Ja. Levin," Lectures on entire functions" (American Math. Soc, Rhode Island, 1996) 
J. Kurchan, P. Leboeuf and M. Saraceno, Phys. Rev. A40, 6800 (1989) 
A. Voros, Phys. Rev. A40, 6814 (1989) 
P. Leboeuf and A. Voros, J. Phys. A23, 1765 (1990) 
P. Leboeuf, J. Phys. A24, 4575 (1991) 
J.H. Hannay, J. Phys. A29, L101 (1996) 
J.H. Hannay, J. Phys. A31, L755 (1998) 

H. J. Korsch, C. Miiller and H. Wiescher, J. Phys. A30, L677 (1997) 
F. Toscano and A.M.O. de Almeida, J. Phys. A32, 6321 (1999) 
M. Tubani, A. Vourdas, and S. Zhang, Phys. Scripta 82, 038107 (2010) 
J.R. Klauder and B. S. Skagerstam 'Coherent States' (World Scientific', Singapore, 1985) 

A. M. Perelomov, 'Generalized coherent states and their applications' (Springer, Berlin, 1986) 
S. Twareque Ali, J. P. Antoine and J. P. Gazeau, 'Coherent states, Wavelets, and their generalizations' 
(Springer, Berlin, 2000) 

J.R. Klauder, Ann. Phys. (NY) 237, 147 (1996) 
J. P. Gazeau and J.R. Klauder, J. Phys. A32, 123 (1999) 
K.A. Penson and A.I. Solomon, J. Math. Phys. 40, 2354 (1999) 
J.M. Sixdeniers, K.A. Penson and A.I. Solomon, J. Phys. A32, 7543 (1999) 
J.M. Sixdeniers and K.A. Penson, J. Phys. A33, 2907 (2000); 
J.M. Sixdeniers and K.A. Penson, J. Phys. A43, 2859 (2001) 
J.R. Klauder, K.A. Penson and J.M. Sixdeniers, Phys. Rev. A64, 013817 (2001) 

J.-P. Antoine, J.-P. Gazeau, J. -P. Monceau, J.R. Klauder, and K.A. Penson, J. Math. Phys. 42, 2349 
(2001) 

B. C. Hall, Contemp. Math. 260, 1 (2000) 

I. S. Gradshtein and I.M. Ryzhik, 'Table of integrals, series and products' (Academic Press, London, 
1980) 

[41] A. Erdelyi, W. Magnus, F. Oberhettinger and F. Tricomi," Higher Transcedental Functions", Vol.3, 
(Mc Graw Hill,New York,1954) 



